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Example

veca : nhat > Type
[ ] : veca O

cons : V. n, A > veca n > veca (S n)

rev + Y {n m}, veca n > veca m > veca (n + m)

rev || acc = acc

expected: veca (S n + m) # veca (N + S m) ‘




Example

veca : nhat > Type
[ ] : veca O

cons : V. n, A > veca n > veca (S n)

rev + Y {n m}, veca n > veca m > veca (n + m)

rev || acc = acc

reflection= veca (S n + m) veca (n + S m) ‘
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TODAY
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Minimal (axiom-wise)
Constructive (formalised in Coq)

Computes (produces Coq terms)

« Usable » (Coq plugin proof of concept) ‘
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Oury Hofmann / us

Free [3-reduction Blocked [-reduction

O (A(x : A).B.t) @xM.E g

— = t[x := u]
bool 7 nat

(A(Xx : nat).x) ©
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Principle of the translation

ETT ; ITT
Typing derivation Well typed term
> - t° ¢ B’
A ., T’ Fie:B =A

[ x €t ¢: B [ Fx B

U
C Pt A [’ 5 transp(e,t’) : A’
Idea: Conversion is translated to transport. ‘

= Coherence problems
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Terms up to transport

t C t’ tct’” AcCc A’ Bc B urc u’
t C transp(e,t’) t @x:A).B y C t’ @(x:A’).B> y’
Invariant

tistranslatedto t’ witht C t’

Fundamental lemma
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Conclusion

HTS Two Level TT
OR ) OR .
Coq ETT : ITT + K + funext Coq + K + funext

Translation relation

Reflection Translation Reflection
(TemplateCoq) (TemplateCoq)

0 https://github.com/TheoWinterhalter/ett-to-itt
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MonadNotation.
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From Template All

From Translation Quotes plugin.

MonadNotat1ion.
Fail pseudoid (A B : Type) (e : A=B) (x : A) : B := x.
| pseudoid (A B : Type) (e : A=B) (x : A) : B := {! x 1}.

*goals*

Run TemplateProgram (Translate € "pseudoid"). The command has indeed failed

pseudoid®. with message: (diff)
In environment
A : Type
B : Type
e : A=B
X A

The term "x" has type "A"
while 1t 1s expected to have

type
IIBII .




From Template All

From Translation Quotes plugin.
MonadNotat1ion.
Fail pseudoid (A B : Type) (e : A=B) (x : A) : B := x.
pseudoid (A B : Type) (e : A=B) (x : A) : B := {! x !}.

Run TemplateProgram (Translate & "pseudoid").
pseudoid®.

*goals*
pseudoid 1s defined




From Template All

From Translation Quotes plugin.
MonadNotation.
*goals*
pseudoid_obligation ¢ has type-checked,
generating 1 obligation
Solving obligations automatically...
Fail pseudoid (A B : Type) (e : A=B) (x : A) : B :=x. RSEUGOIARODEIGAtIONEVRODKIGARLENEINS
pseudoid (A B : Type) (e : A=B) (x : A) : B := {! x !}. defined
No more obligations remaining
Time Run TemplateProgram (Translate & "pseudoid"). pseudoid_obligation g is defined

"Successfully generated pseudoid*®"

Finished transaction in 0.446 secs
(0.419u,0.022s) (successful)
</infomsg>

| pseudoid®.




From Template All

From Translation Quotes plugin.
MonadNotation.
Fail pseudoid (A B : Type) (e : A=B) (x : A) : B :=x. pseudi?zi _
pseudoid (A B : Type) (e : A=B) (x : A) : B := {! x !}. NCAB : Type) (e : A=B) (x : A) =

transport (pseudoid_obligation g A B e x) X

Time Run TemplateProgram (Translate £ "pseudoid").
: VAB : Type, A=B->A->B

pseudoid®.

Argument scopes are [type_scope type_scope _ _]




vec A : N » Type :=
| vnil : vec A 0
| vcons : A >V n, vec An > vec A (S n).

vhil {_}.
vcons {_} _ _ _.
| vw := vcons 1 _ vnil.

Time Run TemplateProgram (
® — TranslateConstant € "nat" ;;
® —« TranslateConstant 0 "vec" ;;
Translate 0 "wv"

vwt.

*goals*




vec A : N » Type :=
| vnil : vec A @

| vcons : A >V n, vec An > vec A (S n).

vhil {_}.
vcons {_} _ _ _.

vw :=vcons 1 _ vnil.
Time Run TemplateProgram (
O - TranslateConstant € "nat" ;;
O — TranslateConstant 0 "vec" ;;
Translate © "wv"

| vwt.

*goals*
"Successfully generated vv*"

Finished transaction in 2.579 secs
(2.497u,0.061s) (successful)
</infomsg>




vec A : N » Type :=
| vnil : vec A 0
| vcons : A >V n, vec An > vec A (S n).

vhil {_}.
vcons {_} _ _ _.

vw :=vcons 1 _ vnil.
Time Run TemplateProgram (
® - TranslateConstant € "nat" ;;
O — TranslateConstant 0 "vec" ;;
Translate 0 "wv"

vwt.

*goals*
vt = vcons 1 0 vnil
: veCc N 1




Fail vrev {A nm} (v : vec An) (acc : vec Am) : vec A (n
+m) :=
vec_rect A(An_=>Vm vec Am->vec A(n+ m))
(Amacc > acc) (Aan _ rvmacc = rv _ (vcons a m acc))
n vmacc.

vrev {Anm} (v : vec An) (acc : vec Am) : vec A(n + m)
vec_rect A(An_=>Vm vec Am-»>vec A(n+ m))
(Amacc >acc) (Aan _rvmacc > {! rv _ (vcons a m acc_
) P

N v m acc.

Time Run TemplateProgram (
® - TranslateConstant € "nat" ;;
® - TranslateConstant © "vec" ;;
® - TranslateConstant © "Nat.add" ;;
® - TranslateConstant © "vec_rect" ;;

Translate © "vrev" *goals*
). w® = vcons 1 0 vnil

vrev®t. : veCc N 1




*goals*
The command has indeed failed with

message: (diff)
| , ‘
Fail vrev {A nm} (v : vec An) (acc : vec Am) : vec A (n+m := In environment

vec_rect A(An_=>Vm vec Am-> vec A (nh + m)) A : Type
(A macc > acc) (A\an _ rvm acc > rv _ (vcons a m acc)) n : N
m : N

nNvmacc.
v : veCc An

vrev {A nm} (v : vec An) (acc : vec Am) : vec A (nh + m) := acc : vec Am

vec_rectk A(An_>Vm, vec Am->vec A (n + m)) a: A
(Amacc > acc) (Aan _rvmacc = {! rv _ (vcons a m acc) !}) ng - N
n v macc. Vg - vec A ng
rv
Time Run TemplateProgram ( v m:N, vec Am » vec A (ng + m)
® — TranslateConstant € "nat" ;; g : N
® -~ TranslateConstant © "vec" ;;
© — TranslateConstant © "Nat.add" ;; accg - Vvec A mg
O — TranslateConstant © "vec_rect" ;; fThe~term "rv (S m@) (vcons a md acc@)”
Translate 0 "vrev" nas type "vec A (n@ + S m@)"
). while 1t 1s expected to have type

VI \ A "vec A (S n@ + m@)".




Fail vrev {A nm} (v : vec An) (acc : vec Am) : vec A (nh +m) :=
vec_rect A(An_=>Vm, vec Am->vec A (n + m))

(Amacc =2 acc) (Aan _ rvmacc = rv _ (vcons a m acc))
h Vv macc.

vrev {A nm} (v : vec An) (acc : vec Am) : vec A (nh +m) :=
vec_rectk A(An_=>Vm vec Am->vec A (n + m))

(Amacc > acc) (Aan _rvmacc > {! rv _ (vcons a m acc) !'})

h v macc.

Time Run TemplateProgram (
® — TranslateConstant € "nat" ;;
® -~ TranslateConstant © "vec" ;;
® —« TranslateConstant © "Nat.add" ;;
® —« TranslateConstant © "vec_rect” ;;
Translate O "vrev"

vrevt.

*goals*
vrev 1s defined




Fail vrev {A n m} (v :

m) : vec A (nh+m :=
vec_rectk A(An_=>Vm vec Am->vec A (n + m))
(A macc = acc) (A an

ons a m acc))
n v macc.

vrev {A n m} (v : vec A n) (acc
vec A(n +m) :=
vec_rect A(An_>Vm, vec Am->vec A (n + m))
(Amacc > acc) (Aan_rvmacc=> {! rv
(vcons a m acc) !'})

N v m acc.

Time Run TemplateProgram (
® - TranslateConstant € "nat" ;;
® - TranslateConstant © "vec" ;;
® - TranslateConstant © "Nat.add" ;;
® - TranslateConstant © "vec_rect" ;;
Translate © "vrev"

| vrevt.

vec A n) (acc : vec A

rv macc > rv _ (vc

:vec Am) :

*goals*
vrev_obligation_0_obligation 1 is defined

No more obligations remaining
vrev_obligation g 1s defined

vrev_obligation 1 has type-checked, generating 1 obligation

Solving obligations automatically...
vrev_obligation_1_obligation 1 is defined

No more obligations remaining
vrev_obligation 1 is defined

vrev_obligation  has type-checked, generating 1 obligation

Solving obligations automatically...
vrev_obligation_2_obligation 1 1s defined

No more obligations remaining
vrev_obligation 2 1s defined

vrev_obligation 3 has type-checked, generating 1 obligation

Solving obligations automatically...
vrev_obligation_3_obligation 1 is defined

No more obligations remaining
vrev_obligation 3 is defined

vrev_obligation 4 has type-checked, generating 1 obligation

Solving obligations automatically...
vrev_obligation_4_obligation 1 is defined

No more obligations remaining
vrev_obligation 4 1s defined

"Successfully generated vrev*"

Finished transaction in 117.92 secs (113.791u,1.98s)




v : vec A n) (acc
vec A (n +m) :=
vec_rect A (A n

Am->vec A (n+ m))
(A m acc > acc) (A

m acc))

an_rvmacc>rv _ (vcons a

N v m acc.

vrev {Anm} (v : v

ec A n) (acc : vec A m) : vec

A(nh+m:=

vec_rectk A(An _ >V m vec

Amo->vec A(n + m))
(A m acc > acc) (A

an rv m acc > {! rv _ (vcon

s amacc) '}
h v macc.

Time Run TemplateProgram (

® -~ TranslateConstant ¢
nat" ;;

® — TranslateConstant O

vec" ;;
® - TranslateConstant O
"Nat.add" ;;

® - TranslateConstant O
"vec_rect"” ;;
Translate © "vrev"

).

vrevt .

: vec A m) :::

_ >V m, vec

*goals*
vrevg =
ANCA: Type) (nm : N) (v :
vec_rect A (A (ng : N) (_ :
(A (mg : N) (accg : vec
(A(Ca: A (ng : N) (vp :
(rv : (A (n1 : N) (_ :
ng vg) (mg

: N) (accy

vec A n) (acc
vec A ng) > V my

A mg) > accgy)
vec A ng)
vec A n1) > V my

:veCc Am >
: N, vec Amg » vec A (ng + mp))

: N, vec Amg » vec A (n1 + mp))
: vec A mp) =

transport (vrev_obligation 3 A nm v acc a ng vg rv mg accy)

(rv (S mg) (vcons a mg accy))) n v m acc

: V (A : Type) (n m

: N), vec An-»>vec Am->vec A(n + m)

Argument scopes are [type_scope nat_scope nat_scope _ _]




Conclusion

HTS Two Level TT
OR ) OR .
Coq ETT : ITT + K + funext Coq + K + funext

Translation relation

Reflection Translation Reflection
(TemplateCoq) (TemplateCoq)

Q https://github.com/TheoWinterhalter/ett-to-itt



