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30’ 6’

rewrite computation2026

Sulfur: a Reflective Tactic for Substitution Simplification
Bouverot-Dupuis, Winterhalter, Stark, Maillard
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m = m + 0simpl

computation is stuck 😔

0 + m ≡ m 
S n + m ≡ S (n + m)

n + 0 = n 
n + S m = S (n + m)

tension between 
definitional and propositional 

equality

in vanilla 

we are forced to choose

with custom computation, one can get the best of both worlds

n + 0 ≡ n 
n + S m ≡ S (n + m)
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set_min (proj (2 :: 1 :: s)) ≡ min 1 (list_min s)
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raise : ∀ {A}. A 

raise (A := ∀ B. C) ⇾ λ (x : B). raise (A := C) 
if raise then t else f ⇾ raise 
…

def nth_exn {A} (l : list A) n : A := 
  match l, n with 
  | x :: l, 0 ⇒ x 
  | x :: l, S n ⇒ nth_exn l n 
  | _, _ ⇒ raise 
  end

no need for the usual error handling with monads (or option)

☣ the logic is now inconsistent ☣

lemma hehe : 0 = 1 := 
  raise
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Maximal extensibility 

Equality reflection

Γ ⊢ p : u =A v

Γ ⊢ u ≡ v

Equality reflection

Conservative over ITT + UIP + funext

1995

Extensional concepts in intensional type theory
Hofmann

Undecidable type checking 
need to rely on heuristics eg SMT solvers in F* 

so no longer really computation

2005

Extensionality in the calculus of constructions
Oury

2019

Eliminating reflection from type theory
Winterhalter, Sozeau, Tabareau

Effective translation to ITT

Terribly inefficient!



Let’s go local!
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Example: Booleans

Rules extend the trusted computing base

Why locality matters

symb raise : ∀ {A}. A 
rule if raise then t else f ⇾ raise 
def nth_exn : list A → ℕ → A := … Computation rules must be assumed forever

Example: exceptions

lemma something_unrelated : … No way to ensure the rules aren’t used here  
(unlike axioms, there is no Print Assumptions)

Uncaught mistake without a model 
(somewhat mitigated in                   )

Overall, not very modular 
(or type-theoretic)
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induces issues with meta-programming 
(confusion with regular function composition)

instance RenamingFun 
    renaming := ℕ → ℕ 
    comp := λ f g x. f (g x) 
    id := λ x. x

and so on…

Example 

Strictification
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Potential example 

Strictification

2025

Type theory in type theory using a strictified syntax
Kaposi, Pujet

using rewrite rules in

to implement observational equality

Categories with families with strict substitution laws

Picture from Loïc Pujet

🕵 We need to investigate if our solution could compensate slowdowns
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Hiding implementation details  
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interface Shift 
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  where 
    shift (x :: l) ⇾ S x :: shift l  
    shift [] ⇾ []

instance ShiftasMap 
  shift := map S

This way, map never appears in goals out of nowhere
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Example 

Hiding implementation details

Hiding implementation details  
while retaining computation

interface Shift 
  assumes 
    shift : list ℕ → list ℕ 
  where 
    shift (x :: l) ⇾ S x :: shift l  
    shift [] ⇾ []

instance ShiftasMap 
  shift := map S

This way, map never appears in goals out of nowhere

Dream 
Use it with Equations (Magin and Sozeau)

equations shift : list ℕ → list ℕ 
  shift (x :: l) := S x :: shift l  
  shift [] := []

in

No more shift_equation_1 appearing in the goal! 🎉
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Example 

Inductive types and extensions

2021

Why not W?
Hugunin

Encode features using simpler ones

W 
(+0,1,2)

ℕ
list

tree even

useful for Dedukti which  
doesn’t support inductives

Dream 
Use a similar idea to support… 

inductive inductive types 
inductive recursive types 

HITs, QIITs, …

cheaper than extending
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The type theory: LRTT

Σ | Ξ | Γ ⊢ t : A

Σ | Ξ | Γ ⊢ l[σ] ≡ r[σ]

Computation rule

(l ⇾ r) ∈ Ξ

Σ | Ξ | Γ ⊢ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

Unfolding rule

Σ | Ξ | Γ ⊢ ξ : Ξ’

Basically regular MLTTGlobal environment

def f⟨ Ξ’ ⟩ : A := t

Interface environment

rule l ⇾ r

symb x : A
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Consistency
A given by embedding into a theory 
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mostly usual
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Meta-theory

more interesting:

Conservativity over MLTT

∙ | ∙ | ∙ ⊢ A : Type → 
Σ | ∙ | ∙ ⊢ t : A → 
∃ t'. ∙ | ∙ | ∙ ⊢ t' : A

Obtained by inlining definitions

Consistency
A given by embedding into a theory 

with equality reflection

Environment weakening (Σ, Ξ, Γ), substitution, instantiation, validity
mostly usual

Σ | Ξ | Γ ⊢ ξ : Ξ' → 
Σ | Ξ' | ∙ ⊢ t : A → 
Σ | Ξ | Γ ⊢ tξ : Aξ
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Inlining

∙ | ⟦ Ξ ⟧⟨ κ ⟩ | ⟦ Γ ⟧⟨ κ ⟩ ⊢ ⟦ t ⟧⟨ κ ⟩ : ⟦ A ⟧⟨ κ ⟩

Σ | Ξ | Γ ⊢ t : Aif

then

where κ interprets the definitions of Σ
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where κ interprets the definitions of Σ
all definitions are removed
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∙ | ⟦ Ξ ⟧⟨ κ ⟩ | ⟦ Γ ⟧⟨ κ ⟩ ⊢ ⟦ t ⟧⟨ κ ⟩ : ⟦ A ⟧⟨ κ ⟩
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then

where κ interprets the definitions of Σ
all definitions are removed

⟦ x ⟧ := x ⟦ λ (x : A). t ⟧ := λ (x : ⟦ A ⟧). ⟦ t ⟧

⟦ M.x ⟧ := M.x ⟦ f⟨ξ⟩ ⟧ := (κ f)⟦ ξ ⟧

with κ fixed (and abstract):

⟦ u v ⟧ := ⟦ u ⟧ ⟦ v ⟧
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⟦ u v ⟧ := ⟦ u ⟧ ⟦ v ⟧

κ is then defined by induction on ⊢ Σ such that

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σwhen we have κ f := ⟦ t ⟧⟨ κ_rec ⟩
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κ is then defined by induction on ⊢ Σ such that

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σwhen we have κ f := ⟦ t ⟧⟨ κ_rec ⟩

recursive call ok because t lives  
in an environment smaller than Σ
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Σ | Ξ | Γ ⊢ t : Aif

then

where κ interprets the definitions of Σ
all definitions are removed

⟦ x ⟧ := x ⟦ λ (x : A). t ⟧ := λ (x : ⟦ A ⟧). ⟦ t ⟧

⟦ M.x ⟧ := M.x ⟦ f⟨ξ⟩ ⟧ := (κ f)⟦ ξ ⟧

with κ fixed (and abstract):

⟦ u v ⟧ := ⟦ u ⟧ ⟦ v ⟧

κ is then defined by induction on ⊢ Σ such that

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σwhen we have κ f := ⟦ t ⟧⟨ κ_rec ⟩

recursive call ok because t lives  
in an environment smaller than Σ

Compared to conservativity, 
we need full generality here
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∙ | ⟦ Ξ ⟧⟨ κ ⟩ | ⟦ Γ ⟧⟨ κ ⟩ ⊢ ⟦ t ⟧⟨ κ ⟩ : ⟦ A ⟧⟨ κ ⟩

Σ | Ξ | Γ ⊢ t : Aif

then

where κ defined by induction on ⊢ Σ

(and ⊢ Σ )

Conservativity over MLTT

∙ | ∙ | ∙ ⊢ A : Type → 
Σ | ∙ | ∙ ⊢ t : A → 
∃ t'. ∙ | ∙ | ∙ ⊢ t' : A

now we prove
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∙ | ∙ | ∙ ⊢ A : Type → 
Σ | ∙ | ∙ ⊢ t : A → 
∃ t'. ∙ | ∙ | ∙ ⊢ t' : A

now we prove
By inlining we get
∙ | ∙ | ∙ ⊢ ⟦ t ⟧⟨ κ ⟩ : ⟦ A ⟧⟨ κ ⟩
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∙ | ∙ | ∙ ⊢ A : Type → 
Σ | ∙ | ∙ ⊢ t : A → 
∃ t'. ∙ | ∙ | ∙ ⊢ t' : A

now we prove
By inlining we get
∙ | ∙ | ∙ ⊢ ⟦ t ⟧⟨ κ ⟩ : ⟦ A ⟧⟨ κ ⟩

Since A is typed in MLTT  
we know it cannot refer to any definition in Σ
⟦ A ⟧⟨ κ ⟩ = A
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Inlining

∙ | ⟦ Ξ ⟧⟨ κ ⟩ | ⟦ Γ ⟧⟨ κ ⟩ ⊢ ⟦ t ⟧⟨ κ ⟩ : ⟦ A ⟧⟨ κ ⟩

Σ | Ξ | Γ ⊢ t : Aif

then

where κ defined by induction on ⊢ Σ

(and ⊢ Σ )

Conservativity over MLTT

∙ | ∙ | ∙ ⊢ A : Type → 
Σ | ∙ | ∙ ⊢ t : A → 
∃ t'. ∙ | ∙ | ∙ ⊢ t' : A

now we prove
By inlining we get
∙ | ∙ | ∙ ⊢ ⟦ t ⟧⟨ κ ⟩ : ⟦ A ⟧⟨ κ ⟩

Since A is typed in MLTT  
we know it cannot refer to any definition in Σ
⟦ A ⟧⟨ κ ⟩ = A

Done!



What about type checking?
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Checking conversion

We typically need properties like subject reduction and thus injectivity of type formers

so we characterise conversion with (confluent!) reduction
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Checking conversion

We typically need properties like subject reduction and thus injectivity of type formers

so we characterise conversion with (confluent!) reduction

Σ | Ξ | Γ ⊢ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

Unfolding rule (conversion)

Σ | Ξ | Γ ⊢ ξ : Ξ’
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Checking conversion

We typically need properties like subject reduction and thus injectivity of type formers

so we characterise conversion with (confluent!) reduction

Σ | Ξ | Γ ⊢ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

Unfolding rule (conversion)

Σ | Ξ | Γ ⊢ ξ : Ξ’

Σ | Ξ ⊢ f⟨ξ⟩ ⇝ tξ

Unfolding rule (reduction)

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ
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Checking conversion

We typically need properties like subject reduction and thus injectivity of type formers

so we characterise conversion with (confluent!) reduction

Σ | Ξ | Γ ⊢ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

Unfolding rule (conversion)

Σ | Ξ | Γ ⊢ ξ : Ξ’

Σ | Ξ ⊢ f⟨ξ⟩ ⇝ tξ

Unfolding rule (reduction)

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

strip away side conditions to make confluence easier
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Checking conversion

We typically need properties like subject reduction and thus injectivity of type formers

so we characterise conversion with (confluent!) reduction

Σ | Ξ | Γ ⊢ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

Unfolding rule (conversion)

Σ | Ξ | Γ ⊢ ξ : Ξ’

Σ | Ξ ⊢ f⟨ξ⟩ ⇝ tξ

Unfolding rule (reduction)

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

strip away side conditions to make confluence easier

no let so  
no local env
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Checking conversion

Σ | Ξ | Γ ⊢ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

Unfolding rule (conversion)

Σ | Ξ | Γ ⊢ ξ : Ξ’

Σ | Ξ ⊢ f⟨ξ⟩ ⇝ tξ

Unfolding rule (reduction)

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ

the rest is similar…

Σ | Ξ | Γ ⊢ l[σ] ≡ r[σ]

Computation rule (conversion)

(l ⇾ r) ∈ Ξ

Σ | Ξ ⊢ l[σ] ⇝ r[σ]

Computation rule (reduction)

(l ⇾ r) ∈ Ξ
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Checking conversion

Σ | Ξ ⊢ u ⇝ vΣ | Ξ | Γ ⊢ u ≡ v

conversion one-step reduction
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Σ | Ξ ⊢ u ⇝ vΣ | Ξ | Γ ⊢ u ≡ v

conversion one-step reduction

Σ | Ξ ⊢ u ⇝* v

many-step reduction



/3527

Checking conversion

Σ | Ξ ⊢ u ⇝ vΣ | Ξ | Γ ⊢ u ≡ v

conversion one-step reduction

Σ | Ξ ⊢ u ⇝* v

many-step reduction

Σ | Ξ ⊢ u ↭ v

congruence closure of reduction
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Σ | Ξ ⊢ u ⇝ vΣ | Ξ | Γ ⊢ u ≡ v

conversion one-step reduction

Σ | Ξ ⊢ u ⇝* v

many-step reduction

Σ | Ξ ⊢ u ↭ v

congruence closure of reduction

Σ | Ξ ⊢ u ⋈ v

joinability (⇝*.*⇜)
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Σ | Ξ ⊢ u ⇝ vΣ | Ξ | Γ ⊢ u ≡ v

conversion one-step reduction

Σ | Ξ ⊢ u ⇝* v

many-step reduction

Σ | Ξ ⊢ u ↭ v

congruence closure of reduction

Σ | Ξ ⊢ u ⋈ v

joinability (⇝*.*⇜)

Encode the Cake and Eat it Too 11

R!"B!#$

ω | ε → (𝐿(𝑀 : 𝑁).𝑂) 𝑃 ! 𝑂 [𝑀 := 𝑃]

R!"U%&’("
(def 𝑄 ↑ε𝐿↓ : 𝑁 := 𝑂) ↔ ω ↗ ⊋ 𝑂

ω | ε → 𝑄 ↑𝑅𝐿↓ ! 𝑂 [𝑅𝐿]

R!"C’)*
(compϑ → 𝑃 ↘ 𝑆 : 𝑁) ↔ ε ϑ ⊋ 𝑃 ϑ ⊋ 𝑆

ω | ε → 𝑃 [𝑇] ! 𝑆 [𝑇]

R!"P+D’)
ω | ε → 𝑁 ! 𝑁≃

ω | ε → ϖ(𝑀 : 𝑁).𝑈 ! ϖ(𝑀 : 𝑁≃).𝑈

R!"P+C’"
ω | ε → 𝑈 ! 𝑈≃

ω | ε → ϖ(𝑀 : 𝑁).𝑈 ! ϖ(𝑀 : 𝑁).𝑈≃

R!"L$)D’)
ω | ε → 𝑁 ! 𝑁≃

ω | ε → 𝐿(𝑀 : 𝑁).𝑂 ! 𝐿(𝑀 : 𝑁≃).𝑂

R!"L$)B’",
ω | ε → 𝑂 ! 𝑂 ≃

ω | ε → 𝐿(𝑀 : 𝑁).𝑂 ! 𝐿(𝑀 : 𝑁).𝑂 ≃

R!"A**F-%
ω | ε → 𝑃 ! 𝑃≃

ω | ε → 𝑃 𝑆 ! 𝑃≃ 𝑆

R!"A**A./
ω | ε → 𝑆 ! 𝑆 ≃

ω | ε → 𝑃 𝑆 ! 𝑃 𝑆 ≃

R!"C’%0#
ω | ε → 𝑅 (𝑉) ! 𝑅 ≃ (𝑉) ⇐𝑀 ω 𝑉. 𝑅 (𝑀) = 𝑅 ≃ (𝑀)

ω | ε → 𝑄 ↑𝑅↓ ! 𝑄 ↑𝑅 ≃↓

Fig. 8. Reduction rules

ω | ε → 𝑃 ↘ 𝑆 ω | ε → 𝑃 ⫅̸ 𝑆

ω | ε → 𝑃 𝐿𝑀 𝑆

assuming con!uencestarting from well-typed terms

Fig. 9. Relation between variants of conversion

We write ω | ε → 𝑃 !⇒ 𝑆 for the re!exive, transitive closure of single step reduction, ω | ε →
𝑃 ⫅̸ 𝑆 for its re!exive, symmetric, transitive closure, and ω | ε → 𝑃 𝐿𝑀 𝑆 for joinability, i.e. the
existence of a term𝑊 such that ω | ε → 𝑃 !⇒ 𝑊 and ω | ε → 𝑆 !⇒ 𝑊 .
Our objective is to characterise conversion with joinability, ensuring that a type checker need

only ever reduce terms, as well as letting us deduce injectivity of ϖ-types. To do so, we go through
the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
reduction that in conversion, going from conversion to ⫅̸ is more or less direct.

L!))$ 5.1 (C’%1!.0+’% #’ .!"-2#+’% ). If ω | ε → 𝑃 ↘ 𝑆 then ω | ε → 𝑃 ⫅̸ 𝑆 .

Going from⫅̸ to 𝐿𝑀 is just a matter of using con!uence of reduction, (see Section 5.2).

L!))$ 5.2 (R!". #’ 3’+%$4+(+#, ). If ω | ε → 𝑃 ⫅̸ 𝑆 and! is con!uent, then ω | ε → 𝑃 𝐿𝑀 𝑆 .

The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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We write ω | ε → 𝑃 !⇒ 𝑆 for the re!exive, transitive closure of single step reduction, ω | ε →
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existence of a term𝑊 such that ω | ε → 𝑃 !⇒ 𝑊 and ω | ε → 𝑆 !⇒ 𝑊 .
Our objective is to characterise conversion with joinability, ensuring that a type checker need

only ever reduce terms, as well as letting us deduce injectivity of ϖ-types. To do so, we go through
the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
reduction that in conversion, going from conversion to ⫅̸ is more or less direct.
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The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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only ever reduce terms, as well as letting us deduce injectivity of ϖ-types. To do so, we go through
the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
reduction that in conversion, going from conversion to ⫅̸ is more or less direct.

L!))$ 5.1 (C’%1!.0+’% #’ .!"-2#+’% ). If ω | ε → 𝑃 ↘ 𝑆 then ω | ε → 𝑃 ⫅̸ 𝑆 .

Going from⫅̸ to 𝐿𝑀 is just a matter of using con!uence of reduction, (see Section 5.2).

L!))$ 5.2 (R!". #’ 3’+%$4+(+#, ). If ω | ε → 𝑃 ⫅̸ 𝑆 and! is con!uent, then ω | ε → 𝑃 𝐿𝑀 𝑆 .

The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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ω | ε → 𝑃 𝐿𝑀 𝑆

assuming con!uencestarting from well-typed terms

Fig. 9. Relation between variants of conversion

We write ω | ε → 𝑃 !⇒ 𝑆 for the re!exive, transitive closure of single step reduction, ω | ε →
𝑃 ⫅̸ 𝑆 for its re!exive, symmetric, transitive closure, and ω | ε → 𝑃 𝐿𝑀 𝑆 for joinability, i.e. the
existence of a term𝑊 such that ω | ε → 𝑃 !⇒ 𝑊 and ω | ε → 𝑆 !⇒ 𝑊 .
Our objective is to characterise conversion with joinability, ensuring that a type checker need

only ever reduce terms, as well as letting us deduce injectivity of ϖ-types. To do so, we go through
the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
reduction that in conversion, going from conversion to ⫅̸ is more or less direct.

L!))$ 5.1 (C’%1!.0+’% #’ .!"-2#+’% ). If ω | ε → 𝑃 ↘ 𝑆 then ω | ε → 𝑃 ⫅̸ 𝑆 .

Going from⫅̸ to 𝐿𝑀 is just a matter of using con!uence of reduction, (see Section 5.2).

L!))$ 5.2 (R!". #’ 3’+%$4+(+#, ). If ω | ε → 𝑃 ⫅̸ 𝑆 and! is con!uent, then ω | ε → 𝑃 𝐿𝑀 𝑆 .

The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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existence of a term𝑊 such that ω | ε → 𝑃 !⇒ 𝑊 and ω | ε → 𝑆 !⇒ 𝑊 .
Our objective is to characterise conversion with joinability, ensuring that a type checker need

only ever reduce terms, as well as letting us deduce injectivity of ϖ-types. To do so, we go through
the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
reduction that in conversion, going from conversion to ⫅̸ is more or less direct.

L!))$ 5.1 (C’%1!.0+’% #’ .!"-2#+’% ). If ω | ε → 𝑃 ↘ 𝑆 then ω | ε → 𝑃 ⫅̸ 𝑆 .

Going from⫅̸ to 𝐿𝑀 is just a matter of using con!uence of reduction, (see Section 5.2).

L!))$ 5.2 (R!". #’ 3’+%$4+(+#, ). If ω | ε → 𝑃 ⫅̸ 𝑆 and! is con!uent, then ω | ε → 𝑃 𝐿𝑀 𝑆 .

The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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We write ω | ε → 𝑃 !⇒ 𝑆 for the re!exive, transitive closure of single step reduction, ω | ε →
𝑃 ⫅̸ 𝑆 for its re!exive, symmetric, transitive closure, and ω | ε → 𝑃 𝐿𝑀 𝑆 for joinability, i.e. the
existence of a term𝑊 such that ω | ε → 𝑃 !⇒ 𝑊 and ω | ε → 𝑆 !⇒ 𝑊 .
Our objective is to characterise conversion with joinability, ensuring that a type checker need

only ever reduce terms, as well as letting us deduce injectivity of ϖ-types. To do so, we go through
the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
reduction that in conversion, going from conversion to ⫅̸ is more or less direct.

L!))$ 5.1 (C’%1!.0+’% #’ .!"-2#+’% ). If ω | ε → 𝑃 ↘ 𝑆 then ω | ε → 𝑃 ⫅̸ 𝑆 .

Going from⫅̸ to 𝐿𝑀 is just a matter of using con!uence of reduction, (see Section 5.2).

L!))$ 5.2 (R!". #’ 3’+%$4+(+#, ). If ω | ε → 𝑃 ⫅̸ 𝑆 and! is con!uent, then ω | ε → 𝑃 𝐿𝑀 𝑆 .

The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
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The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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we use typing to recover 
the missing side conditions!
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Checking conversion

Σ | Ξ ⊢ u ⇝ vΣ | Ξ | Γ ⊢ u ≡ v

conversion one-step reduction

Σ | Ξ ⊢ u ⇝* v

many-step reduction

Σ | Ξ ⊢ u ↭ v

congruence closure of reduction

Σ | Ξ ⊢ u ⋈ v

joinability (⇝*.*⇜)

Encode the Cake and Eat it Too 11

R!"B!#$

ω | ε → (𝐿(𝑀 : 𝑁).𝑂) 𝑃 ! 𝑂 [𝑀 := 𝑃]

R!"U%&’("
(def 𝑄 ↑ε𝐿↓ : 𝑁 := 𝑂) ↔ ω ↗ ⊋ 𝑂

ω | ε → 𝑄 ↑𝑅𝐿↓ ! 𝑂 [𝑅𝐿]

R!"C’)*
(compϑ → 𝑃 ↘ 𝑆 : 𝑁) ↔ ε ϑ ⊋ 𝑃 ϑ ⊋ 𝑆

ω | ε → 𝑃 [𝑇] ! 𝑆 [𝑇]

R!"P+D’)
ω | ε → 𝑁 ! 𝑁≃

ω | ε → ϖ(𝑀 : 𝑁).𝑈 ! ϖ(𝑀 : 𝑁≃).𝑈

R!"P+C’"
ω | ε → 𝑈 ! 𝑈≃

ω | ε → ϖ(𝑀 : 𝑁).𝑈 ! ϖ(𝑀 : 𝑁).𝑈≃

R!"L$)D’)
ω | ε → 𝑁 ! 𝑁≃

ω | ε → 𝐿(𝑀 : 𝑁).𝑂 ! 𝐿(𝑀 : 𝑁≃).𝑂

R!"L$)B’",
ω | ε → 𝑂 ! 𝑂 ≃

ω | ε → 𝐿(𝑀 : 𝑁).𝑂 ! 𝐿(𝑀 : 𝑁).𝑂 ≃

R!"A**F-%
ω | ε → 𝑃 ! 𝑃≃

ω | ε → 𝑃 𝑆 ! 𝑃≃ 𝑆

R!"A**A./
ω | ε → 𝑆 ! 𝑆 ≃

ω | ε → 𝑃 𝑆 ! 𝑃 𝑆 ≃

R!"C’%0#
ω | ε → 𝑅 (𝑉) ! 𝑅 ≃ (𝑉) ⇐𝑀 ω 𝑉. 𝑅 (𝑀) = 𝑅 ≃ (𝑀)

ω | ε → 𝑄 ↑𝑅↓ ! 𝑄 ↑𝑅 ≃↓

Fig. 8. Reduction rules

ω | ε → 𝑃 ↘ 𝑆 ω | ε → 𝑃 ⫅̸ 𝑆

ω | ε → 𝑃 𝐿𝑀 𝑆

assuming con!uencestarting from well-typed terms

Fig. 9. Relation between variants of conversion

We write ω | ε → 𝑃 !⇒ 𝑆 for the re!exive, transitive closure of single step reduction, ω | ε →
𝑃 ⫅̸ 𝑆 for its re!exive, symmetric, transitive closure, and ω | ε → 𝑃 𝐿𝑀 𝑆 for joinability, i.e. the
existence of a term𝑊 such that ω | ε → 𝑃 !⇒ 𝑊 and ω | ε → 𝑆 !⇒ 𝑊 .
Our objective is to characterise conversion with joinability, ensuring that a type checker need

only ever reduce terms, as well as letting us deduce injectivity of ϖ-types. To do so, we go through
the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
reduction that in conversion, going from conversion to ⫅̸ is more or less direct.

L!))$ 5.1 (C’%1!.0+’% #’ .!"-2#+’% ). If ω | ε → 𝑃 ↘ 𝑆 then ω | ε → 𝑃 ⫅̸ 𝑆 .

Going from⫅̸ to 𝐿𝑀 is just a matter of using con!uence of reduction, (see Section 5.2).

L!))$ 5.2 (R!". #’ 3’+%$4+(+#, ). If ω | ε → 𝑃 ⫅̸ 𝑆 and! is con!uent, then ω | ε → 𝑃 𝐿𝑀 𝑆 .

The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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we use typing to recover 
the missing side conditions!

easy?



/3528

From joinability to conversion (failed attempt)

Σ | Ξ ⊢ u ⇝ vΣ | Ξ | Γ ⊢ u ≡ v

conversion one-step reduction

Σ | Ξ ⊢ u ⇝* v

many-step reduction

Σ | Ξ ⊢ u ↭ v

congruence closure of reduction

Σ | Ξ ⊢ u ⋈ v

joinability (⇝*.*⇜)

Σ | Ξ ⊢ u ⇝ vAssume that if and Σ | Ξ | Γ ⊢ u : A then Σ | Ξ ⊢ u ≡ v
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joinability (⇝*.*⇜)

Σ | Ξ ⊢ u ⇝ vAssume that if and Σ | Ξ | Γ ⊢ u : A then Σ | Ξ ⊢ u ≡ v

Σ | Ξ ⊢ u ⇝* vBy induction on such that Σ | Ξ | Γ ⊢ u : A we show Σ | Ξ ⊢ u ≡ v
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Σ | Ξ ⊢ u ⇝ wWe have and Σ | Ξ ⊢ w ⇝* v
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Σ | Ξ ⊢ w ≡ vTo apply IH and conclude with we need Σ | Ξ | Γ ⊢ w : A
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From joinability to conversion (failed attempt)

Σ | Ξ ⊢ u ⇝ vΣ | Ξ | Γ ⊢ u ≡ v

conversion one-step reduction

Σ | Ξ ⊢ u ⇝* v

many-step reduction

Σ | Ξ ⊢ u ↭ v

congruence closure of reduction

Σ | Ξ ⊢ u ⋈ v

joinability (⇝*.*⇜)

Σ | Ξ ⊢ u ⇝ vAssume that if and Σ | Ξ | Γ ⊢ u : A then Σ | Ξ ⊢ u ≡ v

Σ | Ξ ⊢ u ⇝* vBy induction on such that Σ | Ξ | Γ ⊢ u : A we show Σ | Ξ ⊢ u ≡ v

Σ | Ξ ⊢ u ⇝ wWe have and Σ | Ξ ⊢ w ⇝* v thus Σ | Ξ ⊢ u ≡ w

Σ | Ξ ⊢ w ≡ vTo apply IH and conclude with we need Σ | Ξ | Γ ⊢ w : A meaning subject reduction!
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Subject reduction (failed attempt)

Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T
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Subject reduction (failed attempt)

Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T

By induction on reduction, β case:

Σ | Ξ ⊢ (λ (x : A). t) u ⇝ t[x := u]
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Subject reduction (failed attempt)

Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T

By induction on reduction, β case:

Σ | Ξ ⊢ (λ (x : A). t) u ⇝ t[x := u]

inversion on typing on Σ | Ξ | Γ ⊢ (λ (x : A). t) u : T gives
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Subject reduction (failed attempt)

Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T

By induction on reduction, β case:
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inversion on typing on Σ | Ξ | Γ ⊢ (λ (x : A). t) u : T gives

Σ | Ξ | Γ ⊢ λ (x : A). t : Π (x : C). D
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Σ | Ξ | Γ ⊢ λ (x : A). t : Π (x : C). D Σ | Ξ | Γ ⊢ u : C Σ | Ξ | Γ ⊢ D[x := u] ≡ T
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Subject reduction (failed attempt)

Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T

By induction on reduction, β case:

Σ | Ξ ⊢ (λ (x : A). t) u ⇝ t[x := u]

inversion on typing on Σ | Ξ | Γ ⊢ (λ (x : A). t) u : T gives

Σ | Ξ | Γ ⊢ λ (x : A). t : Π (x : C). D Σ | Ξ | Γ ⊢ u : C Σ | Ξ | Γ ⊢ D[x := u] ≡ T

inversion again
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Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T

By induction on reduction, β case:

Σ | Ξ ⊢ (λ (x : A). t) u ⇝ t[x := u]

inversion on typing on Σ | Ξ | Γ ⊢ (λ (x : A). t) u : T gives

Σ | Ξ | Γ ⊢ λ (x : A). t : Π (x : C). D Σ | Ξ | Γ ⊢ u : C Σ | Ξ | Γ ⊢ D[x := u] ≡ T

inversion again Σ | Ξ | Γ, x : A ⊢ t : B
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Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T
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Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T
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Σ | Ξ ⊢ (λ (x : A). t) u ⇝ t[x := u]
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to conclude Σ | Ξ | Γ ⊢ t[x := u] : D[x := u] we want

Σ | Ξ | Γ ⊢ A ≡ C Σ | Ξ | Γ ⊢ B[x := u] ≡ D[x := u]
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Subject reduction (failed attempt)

Subject reduction
If Σ | Ξ | Γ ⊢ u : T and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ | Γ ⊢ v : T

By induction on reduction, β case:

Σ | Ξ ⊢ (λ (x : A). t) u ⇝ t[x := u]

inversion on typing on Σ | Ξ | Γ ⊢ (λ (x : A). t) u : T gives

Σ | Ξ | Γ ⊢ λ (x : A). t : Π (x : C). D Σ | Ξ | Γ ⊢ u : C Σ | Ξ | Γ ⊢ D[x := u] ≡ T

inversion again Σ | Ξ | Γ, x : A ⊢ t : B Σ | Ξ | Γ ⊢ Π (x : A). B ≡ Π (x : C). D

to conclude Σ | Ξ | Γ ⊢ t[x := u] : D[x := u] we want

Σ | Ξ | Γ ⊢ A ≡ C Σ | Ξ | Γ ⊢ B[x := u] ≡ D[x := u]

injectivity of Π
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Injectivity of Π (failed attempt)

Injectivity of Π
If  Σ | Ξ | Γ ⊢ Π (x : A). B ≡ Π (x : C). D  then 
Σ | Ξ | Γ ⊢ A ≡ C  and  Σ | Ξ | Γ, x : A ⊢ B ≡ D
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Injectivity of Π (failed attempt)

Injectivity of Π
If  Σ | Ξ | Γ ⊢ Π (x : A). B ≡ Π (x : C). D  then 
Σ | Ξ | Γ ⊢ A ≡ C  and  Σ | Ξ | Γ, x : A ⊢ B ≡ D

Σ | Ξ ⊢ Π (x : A). B ⋈ Π (x : C). Dassuming confluence
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Injectivity of Π (failed attempt)

Injectivity of Π
If  Σ | Ξ | Γ ⊢ Π (x : A). B ≡ Π (x : C). D  then 
Σ | Ξ | Γ ⊢ A ≡ C  and  Σ | Ξ | Γ, x : A ⊢ B ≡ D

Σ | Ξ ⊢ Π (x : A). B ⋈ Π (x : C). Dassuming confluence

since no reduction rules on Π besides congruence

Σ | Ξ ⊢ A ⋈ C Σ | Ξ ⊢ B ⋈ D
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Injectivity of Π
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we conclude by going back to conversion  🎉
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we need the joinability to conversion  
theorem that we’re trying to prove!
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Injectivity of Π (failed attempt)

Injectivity of Π
If  Σ | Ξ | Γ ⊢ Π (x : A). B ≡ Π (x : C). D  then 
Σ | Ξ | Γ ⊢ A ≡ C  and  Σ | Ξ | Γ, x : A ⊢ B ≡ D

Σ | Ξ ⊢ Π (x : A). B ⋈ Π (x : C). Dassuming confluence

since no reduction rules on Π besides congruence

Σ | Ξ ⊢ A ⋈ C Σ | Ξ ⊢ B ⋈ D

⚠ needs restriction on Ξ

we conclude by going back to conversion  🎉

we need the joinability to conversion  
theorem that we’re trying to prove!

we’re going to use a property weaker than typing to break the loop
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From joinability to conversion (for real this time)
Σ | Ξ ⋉ t

instances that appear in t  
respect the equations of the interface they correspond to

Σ | Ξ ⋉ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ
∀x. Σ | Ξ ⋉ ξ(x)Σ | Ξ ⊢ ξ ⊨ Ξ’
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From joinability to conversion (for real this time)
Σ | Ξ ⋉ t

instances that appear in t  
respect the equations of the interface they correspond to

Σ | Ξ ⋉ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ
∀x. Σ | Ξ ⋉ ξ(x)Σ | Ξ ⊢ ξ ⊨ Ξ’

Lemma If Σ | Ξ | Γ ⊢ u : T then Σ | Ξ ⋉ u
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From joinability to conversion (for real this time)
Σ | Ξ ⋉ t

instances that appear in t  
respect the equations of the interface they correspond to

Σ | Ξ ⋉ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ
∀x. Σ | Ξ ⋉ ξ(x)Σ | Ξ ⊢ ξ ⊨ Ξ’

Lemma If Σ | Ξ | Γ ⊢ u : T then Σ | Ξ ⋉ u

Lemma If Σ | Ξ ⋉ u and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ ⋉ v
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From joinability to conversion (for real this time)
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Lemma If Σ | Ξ | Γ ⊢ u : T then Σ | Ξ ⋉ u

Lemma If Σ | Ξ ⋉ u and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ ⋉ v
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From joinability to conversion (for real this time)
Σ | Ξ ⋉ t

instances that appear in t  
respect the equations of the interface they correspond to

Σ | Ξ ⋉ f⟨ξ⟩ ≡ tξ
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Lemma If Σ | Ξ ⋉ u and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ ⋉ v

Lemma If Σ | Ξ ⋉ u and Σ | Ξ ⊢ u ⇝* v then Σ | Ξ ⊢ u ≡ v

Theorem If Σ | Ξ ⋉ u and Σ | Ξ ⋉ v then conversion and joinability are equivalent for u and v
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From joinability to conversion (for real this time)
Σ | Ξ ⋉ t

instances that appear in t  
respect the equations of the interface they correspond to

Σ | Ξ ⋉ f⟨ξ⟩ ≡ tξ

(def f⟨ Ξ’ ⟩ : A := t) ∈ Σ
∀x. Σ | Ξ ⋉ ξ(x)Σ | Ξ ⊢ ξ ⊨ Ξ’

Lemma If Σ | Ξ | Γ ⊢ u : T then Σ | Ξ ⋉ u

Lemma If Σ | Ξ ⋉ u and Σ | Ξ ⊢ u ⇝ v then Σ | Ξ ⋉ v

Lemma If Σ | Ξ ⋉ u and Σ | Ξ ⊢ u ⇝* v then Σ | Ξ ⊢ u ≡ v

Theorem If Σ | Ξ ⋉ u and Σ | Ξ ⋉ v then conversion and joinability are equivalent for u and v

assuming rules preserve ⋉
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Checking conversion

Characterising conversion with reduction

Encode the Cake and Eat it Too 11

R!"B!#$

ω | ε → (𝐿(𝑀 : 𝑁).𝑂) 𝑃 ! 𝑂 [𝑀 := 𝑃]

R!"U%&’("
(def 𝑄 ↑ε𝐿↓ : 𝑁 := 𝑂) ↔ ω ↗ ⊋ 𝑂

ω | ε → 𝑄 ↑𝑅𝐿↓ ! 𝑂 [𝑅𝐿]

R!"C’)*
(compϑ → 𝑃 ↘ 𝑆 : 𝑁) ↔ ε ϑ ⊋ 𝑃 ϑ ⊋ 𝑆

ω | ε → 𝑃 [𝑇] ! 𝑆 [𝑇]

R!"P+D’)
ω | ε → 𝑁 ! 𝑁≃

ω | ε → ϖ(𝑀 : 𝑁).𝑈 ! ϖ(𝑀 : 𝑁≃).𝑈

R!"P+C’"
ω | ε → 𝑈 ! 𝑈≃

ω | ε → ϖ(𝑀 : 𝑁).𝑈 ! ϖ(𝑀 : 𝑁).𝑈≃
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Fig. 9. Relation between variants of conversion

We write ω | ε → 𝑃 !⇒ 𝑆 for the re!exive, transitive closure of single step reduction, ω | ε →
𝑃 ⫅̸ 𝑆 for its re!exive, symmetric, transitive closure, and ω | ε → 𝑃 𝐿𝑀 𝑆 for joinability, i.e. the
existence of a term𝑊 such that ω | ε → 𝑃 !⇒ 𝑊 and ω | ε → 𝑆 !⇒ 𝑊 .
Our objective is to characterise conversion with joinability, ensuring that a type checker need

only ever reduce terms, as well as letting us deduce injectivity of ϖ-types. To do so, we go through
the ⫅̸ relation, following a structure described in Fig. 9. Given that we require strictly less in
reduction that in conversion, going from conversion to ⫅̸ is more or less direct.

L!))$ 5.1 (C’%1!.0+’% #’ .!"-2#+’% ). If ω | ε → 𝑃 ↘ 𝑆 then ω | ε → 𝑃 ⫅̸ 𝑆 .

Going from⫅̸ to 𝐿𝑀 is just a matter of using con!uence of reduction, (see Section 5.2).

L!))$ 5.2 (R!". #’ 3’+%$4+(+#, ). If ω | ε → 𝑃 ⫅̸ 𝑆 and! is con!uent, then ω | ε → 𝑃 𝐿𝑀 𝑆 .

The last part of the equivalence is the one which requires the most work. This is mainly because
of the condition we removed compared to conversion. The "rst intuition that comes to mind when
going from reduction to conversion is that, as long as we only consider well-typed terms, then we
should be able to recover the missing condition. While this is what we obtain in the end, the proof
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  Symbol plus : ℕ → ℕ → ℕ. 
  Rewrite Rules plus_r := 
  | plus 0 ?n => ?n 
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Concrete implementations

Perspectives (ongoing)

/TheoWinterhalter/local-comp

APPROVED

Propositional instances

👻

hide implementation details
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tree even

encode features

≡
contained extensions (safer)

Thank you!

Local sorts / sort polymorphism

🧬


