25 March 2026

Proofs and Algorithms seminar

Encode the Cake and Eat it Too
Controlling computation

in type theory, locally

5%3
a4

Théo Winterhalter

jointwork with  Yann Leray



Main foundations of interactive theorem provers

Higher order logic

Isabelle/HOL HOL

Dependent type theory

U Agdo -\ WROCQ

Agda Lean Rocq (formerly Coq)

2 /35



Main foundations of interactive theorem provers

Higher order logic

Isabelle/HOL HOL

Focus of my research § —> Dependent type theory

{7 Agoo v WROCQ

Agda Lean Rocq (formerly Coq)

2 /35



Computation in type theory

refl : 5 + 3 =10 - 2

both sides reduce to 8

3/35



Computation in type theory

refl : 5 + 3 =10 - 2

both sides reduce to 8

Types are considered up to computation

matrix (0 + x) (2 * y) = matrix x (y + vy)

3/35



Computation in type theory

refl : 5 + 3 =10 - 2

both sides reduce to 8

Types are considered up to computation

1

definitional equality

matrix (0 + x) (2 *x vy matrix x (y + y)

3/35



Computation in type theory

refl : 5 + 3 = 10 - 2

both sides reduce to 8
propositional equality
(a data type)

Types are considered up to computation

matrix (0 + x) (2 * y) = matrix x (y + vy)

|

definitional equality

3/35



Computation in type theory

refl : 5 + 3 = 10 - 2

both sides reduce to 8
propositional equality
(a data type)

Types are considered up to computation

matrix (0 + x) (2 * y) = matrix x (y + vy)

|

definitional equality

matrix n m > matrix n p »> matrix n (m + p)

3/35



Computation in type theory

refl : 5 + 3 = 10 - 2

both sides reduce to 8
propositional equality
(a data type)

Types are considered up to computation

matrix (0 + x) (2 * y) = matrix x (y + vy)

|

definitional equality

matrix n m > matrix n p »> matrix n (m + p)

Assuming A : matrix 2 4 B : matrix 2 3

A | B : matrix 2 7

3/35



Computation in type theory

refl : 5 + 3 = 10 - 2

both sides reduce to 8
propositional equality

(a data type)
Types are considered up to computation
matrix (0 + x) (2 *x y) T matrix x (y + y)
definitional equality

matrix n m > matrix n p > matrix n (m + p)

Assuming A : matrix 2 4 B : matrix 2 3 A | B
© 1 0 2 5 1 4

A | B : matrix 2 7 1 06 1.0 1 1 2

3/35



Proofs by computation '~

Example: equalities in a monoid

€ M

¢t M>M-> M

neu_ L : ¥V x. € * X = X

neu_r V X. X E = X

assocC V Xy z. X (y z) = (X y) Z

4/35



Proofs by computation

Example: equalities in a monoid

€ M

¢t M>M-> M

neu_ L : ¥V x. € * X = X

neu_r V X. X E = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following? (x = (y - (z - €))) = (¢ = z) = (¢« (x =vy)) - (z * z)

4/35



Proofs by computation

Example: equalities in a monoid

€ M

¢t M>M-> M

neu_ L : ¥V x. € * X = X

neu_r V X. X E = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following?  (x = (y = (z * €))) (e = 2))= (e + (x - y)) * (z + 2)

rewrite neu 1

4/35



Proofs by computation

Example: equalities in a monoid

€ M

.t M>M>M

neu L : V x. € * X = X

neu_r V X. X € = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following?  (x = (y = (z * €))) (e = 2))= (e + (x - y)) * (z + 2)

rewrite neu_l (x = (y - (z - €))) z=1( +*« (x ~vy)) - (z - z)

4/35



Proofs by computation

Example: equalities in a monoid

€ M

.t M>M>M

neu L : V x. € * X = X

neu_r V X. X € = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following?  (x = (y = (z * €))) (e = 2))= (e + (x - y)) * (z + 2)

rewrite neu_l (x + (y * ((z + ))) + z = - x-y) -z 2

rewrite neu_Ll, neu_r

4/35



Proofs by computation

Example: equalities in a monoid

€ M

.t M>M>M

neu L : V x. € * X = X

neu_r V X. X € = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following?  (x = (y = (z * €))) (e = 2))= (e + (x - y)) * (z + 2)

rewrite neu_l (x + (y * ((z + ))) + z = - x-y) -z 2

rewrite neu_1l, neu_r (x = (y - z)) - z=(x+vy) - (z - z)

4/35



Proofs by computation

Example: equalities in a monoid

€ M

.t M>M>M

neu L : V x. € * X = X

neu_r V X. X € = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following?  (x = (y = (z * €))) (e = 2))= (e + (x - y)) * (z + 2)

rewrite neu_l (x + (y * ((z + ))) + z = - x-y) -z 2

[
—~
X

<
~
—~
N
N
~

rewrite neu_1l, neu_r (x = (y = z)) = z

N
I
—~
—~
X

<

~
N

~
N

rewrite !assoc ((x = y) = z) -

4/35



Proofs by computation

Example: equalities in a monoid

€ M

.t M>M>M

neu L : V x. € * X = X

neu_r V X. X € = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following?  (x = (y = (z * €))) (e = 2))= (e + (x - y)) * (z + 2)

rewrite neu_l (x + (y * ((z + ))) + z = - x-y) -z 2

[
—~
X

<
~
—~
N
N
~

rewrite neu_1l, neu_r (x = (y = z)) = z

N
I
—~
—~
X

<

~
N

~
N

rewrite !assoc ((x = y) = z) -

reflexivity &

4/35



Proofs by computation

Example: equalities in a monoid

€ M

.t M>M>M

neu L : V x. € * X = X

neu_r V X. X € = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following?  (x = (y = (z * €))) (e = 2))= (e + (x - y)) * (z + 2)

rewrite neu_l (x + (y * ((z + ))) + z = - x-y) -z 2

N
[
—~
X

<
~
—~
N
N
~

rewrite neu_1l, neu_r (x « (y = z)) -

I
—~
—~

X
<
~

N
~

N

rewrite !assoc ((x = y) = z) = z

reflexivity &  Yieldsa proof combining neu_|, neu_r and assoc with congruence of equality

4/35



Proofs by computation

Example: equalities in a monoid

€ M

.t M>M>M

neu L : V x. € * X = X

neu_r V X. X € = X

assocC V Xy z. X (y z) = (X y) Z

How to prove the following?  (x = (y = (z * €))) (e = 2))= (e + (x - y)) * (z + 2)

rewrite neu_l (x + (y - ((z + ))) + z = - x-y) -z 2

rewrite neu_1l, neu_r (x = (y - z)) - z=(x+vy) - (z - z)

Tedious
but feels like we can easily

I
—~
—~

X
<
~

N
~

N

' as a list of atoms
w

reflexivity &  Yieldsa proof combining neu_|, neu_r and assoc with congruence of equality

4/35



Proofs by computation '~

Example: equalities in a monoid

€ M

¢t M>M-> M

neu_ L : ¥V x. € * X = X

neu_r V X. X E = X

assocC V Xy z. X (y z) = (X y) Z

5/35



Proofs by computation '~

Example: equalities in a monoid

e : M heu : Mexpr

o M->M->M _*_ ¢ Mexpr > Mexpr = Mexpr
neu_L : V x. &€ X = X ¢+ M > Mexpr

neu_r V X. X E = X

assocC VXxyz.x - (y+=2z)=(X="*y) " =z Syntax of monoid expressions

5/35



NOorm

Pro Ofs by com p Utatio n .- normalisation procedure

Example: equalities in a monoid Q

e : M heu : Mexpr

o M->M->M _*_ ¢ Mexpr > Mexpr = Mexpr
neu_L : V x. &€ X = X ¢+ M > Mexpr

neu_r V X. X E = X

assocC VXxyz.x - (y+=2z)=(X="*y) " =z Syntax of monoid expressions

5/35



NOorm

Proofs by computation '~

Example: equalities in a monoid

normalisation procedure

eval : Mexpr > M e : M neu : Mexpr
eval neu := ¢ __ t M> M->M _*%_ ¢ Mexpr > Mexpr > Mexpr
eval (u * v) := eval u * eval v neu_Ll V x. € X = X M > Mexpr
eval ( u) :=u neu r : V Xx. X £ = X
assoc VXxyz.x = (y =z)=(x-"'rvy): =z Syntax of monoid expressions
\/
eval

5/35



NOorm

Proofs by computation '~

Example: equalities in a monoid

normalisation procedure

eval : Mexpr > M e : M neu : Mexpr
eval neu := ¢ __ t M> M->M _*%_ ¢ Mexpr > Mexpr > Mexpr
eval (u * v) := eval u * eval v neu_Ll V x. € X = X M > Mexpr
eval ( u) :=u neu r : V Xx. X £ = X
assoc VXxyz.x = (y =z)=(x-"'rvy): =z Syntax of monoid expressions
\/
eval

lemma norm _sound : V U v. norm u = norm v > eval u = eval v

5/35



NOorm

Proofs by computation

Example: equalities in a monoid

normalisation procedure

eval : Mexpr > M e : M neu : Mexpr
eval neu := ¢ __ t M> M->M _*%_ ¢ Mexpr > Mexpr > Mexpr
eval (u * v) := eval u * eval v neu_Ll V x. € X = X M > Mexpr
eval ( u) :=u neu_ r : V x. X £ = X
assoc VXxyz.x = (y =z)=(x-"'rvy): =z Syntax of monoid expressions
\/
eval

lemma norm _sound : V U v. norm u = norm v > eval u = eval v

(x - (y - (z-¢€))) (e -2z)=1(~" - (x-y)) - (z:* z)

5/35



NOorm

Proofs by computation '~

Example: equalities in a monoid

normalisation procedure

eval : Mexpr > M e : M neu : Mexpr
eval neu := ¢ __ t M> M->M _*%_ ¢ Mexpr > Mexpr > Mexpr
eval (u * v) := eval u * eval v neu_Ll V x. € X = X M > Mexpr
eval ( u) :=u neu r : V Xx. X £ = X
assoc VXxyz.x = (y =z)=(x-"'rvy): =z Syntax of monoid expressions
\/
eval

lemma norm _sound : V U v. norm u = norm v > eval u = eval v

(x = (y = (z -€))) - (g -2z)=( - (x-y)) - (z " 2z)
o C
eval ( x *x (y x (z *x neu))) * (neu * z) = eval (nheu * (( x * y)) *x (z *x Zz))

computation

5/35



NOorm

Proofs by computation '~

Example: equalities in a monoid

normalisation procedure

eval : Mexpr > M e : M neu : Mexpr
eval neu := ¢ __ t M> M->M _*%_ ¢ Mexpr > Mexpr > Mexpr
eval (u * v) := eval u * eval v neu_L : V x. € X = X ¢+ M > Mexpr
eval ( u) :=u neu r : V Xx. X £ = X
assoc VXxyz.x = (y =z)=(x-"'rvy): =z Syntax of monoid expressions
\/
eval

lemma norm _sound : V U v. norm u = norm v > eval u = eval v

(x = (y - (z - €))) - (g - z) ‘ ‘
o C
eval ( x *x (y x (z *x neu))) * (neu x z)

computation

[
—~
m
—~
X

<
~
~
—~
N
N
~

eval (neu = ((x * y)) * (z * Zz))

norm (neu * ( x * y)) * (z * Zz)) apply
norm_sound

norm ( x * ('y *x ('z *x neu))) * (neu *x z)

5/35



NOorm

Proofs by computation '~

Example: equalities in a monoid

normalisation procedure

eval : Mexpr > M e : M neu : Mexpr
eval neu := ¢ __ t M> M->M _*%_ ¢ Mexpr > Mexpr > Mexpr
eval (u * v) := eval u * eval v neu_L : V x. € X = X ¢+ M > Mexpr
eval ( u) :=u neu r : V Xx. X £ = X
assoc VXxyz.x = (y =z)=(x-"'rvy): =z Syntax of monoid expressions
\/
eval

lemma norm _sound : V U v. norm u = norm v > eval u = eval v

(x < (y = (z - €))) - (¢ z)

[
—~
m
—~
X

<
~
~
—~
N
N
~

RO,

computation

eval ( x *x (y x (z *x neu))) * (neu x z) eval (neu = ((x * y)) * (z * Zz))

norm (neu * ( x * y)) * (z * Zz)) apply
norm_sound

norm ( x * ('y *x ('z *x neu))) * (neu *x z)
KO,

computation

X x (yx (zx*x 2z)) = x*x (y=*x (zx*x 2))

5/35



Proofs by computation '~

Example: equalities in a monoid (proof comparison)

rewrite neu_Ll
rewrite neu_Ll, neu_r
rewrite !assoc
reflexivity

apply norm_sound
reflexivity

6/35



Proofs by computation

Example: equalities in a monoid (proof comparison)

rewrite neu_1l rew (A X. (x = (y = (z - €))) - X=( * (x ~y)) = (z +z)) (neu_l z) (
rewrite neu_1l, neu_r rew (A X. (x = (y * (z = €))) - z=X "+ (z + z)) (neu_r (x = vy)) (
rewrite !assoc rew (A X. (x = (y * X)) = z=(x +vy) = (z - z)) (neu_l z) (
reflexivity rew (A X. X = z=(x =vy) * (z - z)) (assoc xy z) (
rew (A X. ((x = y) = z) = z =X) (assoc (x = y) z z) refl
)
)
)
)

apply norm_sound
reflexivity

6/35



Proofs by computation

Example: equalities in a monoid (proof comparison)

rewrite neu_1l rew (A X. (x = (y = (z - €))) - X=( * (x ~y)) = (z +z)) (neu_l z) (
rewrite neu_1l, neu_r rew (A X. (x = (y * (z = €))) - z=X "+ (z + z)) (neu_r (x = vy)) (
rewrite !assoc rew (A X. (x = (y * X)) = z=(x +vy) = (z - z)) (neu_l z) (
reflexivity rew (A X. X = z=(x =vy) * (z - z)) (assoc xy z) (
rew (A X. ((x = y) = z) = z =X) (assoc (x = y) z z) refl
)
doesn’'t scale @ )
)

apply norm_sound
reflexivity

6/35



Proofs by computation

Example: equalities in a monoid (proof comparison)

rewrite neu_1l rew (A X. (x = (y = (z - €))) - X=( * (x ~y)) = (z +z)) (neu_l z) (
rewrite neu_1l, neu_r rew (A X. (x = (y * (z = €))) - z=X "+ (z + z)) (neu_r (x = vy)) (
rewrite !assoc rew (A X. (x = (y * X)) = z=(x +vy) = (z - z)) (neu_l z) (
reflexivity rew (A X. X = z=(x =vy) * (z - z)) (assoc xy z) (
rew (A X. ((x = y) = z) = z =X) (assoc (x = y) z z) refl
)
w )
doesn’'t scale @ )
)

apply norm_sound norm_sound
reflexivity (x *x (y*x (z *xneu))) * (neu x z)

(neu x (x x 'y)) » ((z *x z))

refl

6/35



Proofs by computation '~

Example: equalities in a monoid (proof comparison)

rewrite neu_1l rew (A X. (x = (y = (z - €))) - X=( * (x ~y)) = (z +z)) (neu_l z) (
rewrite neu_1l, neu_r rew (A X. (x = (y * (z = €))) - z=X "+ (z + z)) (neu_r (x = vy)) (
rewrite !assoc rew (A X. (x = (y * X)) = z=(x +vy) = (z - z)) (neu_l z) (
reflexivity rew (A X. X = z=(x =vy) * (z - z)) (assoc xy z) (
rew (A X. ((x = y) = z) = z =X) (assoc (x = y) z z) refl
)
)
doesn’t scale @ )
)

apply norm_sound norm_sound
reflexivity (x *x (y*x (z *xneu))) * (neu x z)

(neu x (x x 'y)) » ((z *x z))

refl

Proof by computation is much shorter and efficient!

(In such a case you can even show completeness of the approach within the ITP itself)
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Of - g ¢

rewrite
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induction n O + m=m+ 0 N+ m=m + N

simpl m :(m + @)

computation is stuck &

tension between

m = T definitional and propositional n+ o=
+m=5S (n + m) - n+Sm=5 (n + m)
in vanilla
UAgoa [ IvIN ®ROCQ n+ 0 =n
we are forced to choose n+Sm=5 (n+ m)

with custom computation, one can get the best of both worlds
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Examples of custom computation rules

Quotients Exceptions
J/_ + YA (R : A>A> Prop). Type raise : V {A}. A
proj : A> A // R
quot : (xy : A) > R XYy > proj x = proj vy raise (A := V B. C) » A (x : B). raise (A := C)
rec :V (f : A> B). if raise then t else f - raise
(V(xy : A). Rxy>Ffx=7FTy) >
A // R>B
rec f g (proj x) -» f x def nth_exn {A} (1 : list A) n : A :=
match 1, n with
x :: L, 0> X
set A := list A // permutation X :: 1L, S n= nth_exn L n
set_min (s : set N) : N := _, _ > raise
rec List_min list_min_perm s end

: : _ no need for the usual error handling with monads (or option)
set_min (proj [ 12 ; 10 ; 4 ; 9 ]) = 4

[
=
[

lemma hehe : 0
set_min (proj (2 :: 1 :: s)) = min 1 (list_min s) raise

better than going through sorted lists © the logic is now inconsistent @
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Maximal extensibility

Equality reflection

Equality reflection E

Undecidable type checking
need to rely on heuristics eg SMT solvers in F*

= u = v so no longer really computation
Conservative over ITT + UIP + funext Effective translation to ITT
Extensional concepts in intensional type theory Extensionality in the calculus of constructions Eliminating reflection from type theory
Hofmann Oury Winterhalter, Sozeau, Tabareau
1995 2005 2019

Terribly inefficient!
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lemma something_unrelated : .. @—————— No way to ensure the rules aren't used here
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Example: Booleans

symb bool : Type
symb true, false : bool Rules extend the trusted computing base
symb ifte : bool > A > A > A

rule 1fte true t f - t
rule ifte false t f - t

Uncaught mistake without a model
(somewhat mitigated in {7 4g0q)

& Overall, not very modular
(or type-theoretic)
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Strictification

Autosubst encodes substitutions as functions N > termand renamingsasN > N
to get definitional unitality and associativity of composition

induces issues with meta-programming
(confusion with regular function composition)

interface Renaming instance RenamingFun
assumes renaming := N > N
renaming : Type comp := A f g x. f (g x)
comp : renaming > renaming > renaming id (= A X. X
id : renaming
where

comp f id - f
comp id f - f
comp (comp f g) h - comp f (comp g h)

and so on...
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Picture from Loic Pujet

2025
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Strictification

Type theory in type theory using a strictified syntax
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Potential example

Strictification

Type theory in type theory using a strictified syntax
Kaposi, Pujet

2025

Categories with families with strict substitution laws

(I AB)|o] =1l Aloc] Blo T]

(I A B)[oc] = Il Alo] Blo T]
using rewrite rules in {/J/Agdg

to implement observational equality

8 We need to investigate if our solution could compensate slowdowns

Picture from Loic Pujet 17 /35



Hiding implementation details

Hiding implementation details
while retaining computation

interface Shift
assumes
shift : list N > list N
where
shift (x :: 1) - S x :: shift 1
shift [|] - []

instance ShiftasMap
shift := map S

This way, map never appears in goals out of nowhere

Example
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Example

Hiding implementation details

Hiding implementation details
while retaining computation

Dream
interface Shift Use it with Equations (Magin and Sozeau)
assumes
shift : list N »> list N . . . .
where equations shift : list N > 1list N
shift (x :: 1) = S x :: shift 1 L = shift (x :: 1) := S x :: shift 1
hift oo shift [1 := []
7 /4 ,
instance ShiftasMap UAQQQ in  $WROCQ

shift := map S , , o .
No more shift_equation_1 appearing in the goal! &

This way, map never appears in goals out of nowhere

18/35
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Example

Inductive types and extensions

Encode features using simpler ones

\ .
tree /<+o,1,2>\ even

Dream
Use a similar idea to support...

inductive inductive types
inductive recursive types

HITs, QllTs, ...
Why not W?

Hugunin
2021 cheaper than extending ®WROCQ

" useful for Dedukti which

& doesn't support inductives

19 /35
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The type theory: LRTT

symb x : A
def f( =2 ) : A := t rule 1L - r
Global environment Interface environment Basically regular MLTT
Computation rule Unfolding rule
(L-»r) € = (def f{ z7 ) «: A := t) € X
2 ‘ = ‘ S =’
S| =2 | T+ 1o] = rlo]
2 ‘ = ‘ r + f(&) = t¢&
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Meta-theory

mostly usual
Environment weakening (X, =, T), substitution, instantiation, validity

Consistency S| S| FkeE;: = s
A given by embedding into a theory =t -t A>
with equality reflection | = | T+ tg : A

more interesting:

Conservativity over MLTT
| « | - = A : Type >

> | -] Tt A>
3 t'. - | - | - t'" A

Obtained by inlining definitions
21/35
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Compared to conservativity, I n I i n i n g

we need full generality here \

if S | Z | TFrFt:A

then - | [ = (k) | I T )T tl{) ::[AIJ(k)

/ where k interprets the definitions of X
all definitions are removed

with k fixed (and abstract):
[ x ] := x [ AN (x ¢+ A). t ] : = AN (x [ A]. [ t]

[ uv ] =T ullv] [ M.x ] 1= M.x [ f(&) 1 := (v )L € 1]

recursive call ok because t lives

K is then defined by induction on - % such that / in an environment smaller than =

when (def f{ =2 ) : A :=t) €3 wehave «k f :=[ t ]J{ x_rec )
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Inlining

if S| = | TFTrFt:A (and 35 )

then - | [ = (k) | I T k)T tl{) ::[AIJ(k)

where k defined by induction on - %

now we prove

Conservativity over MLTT

— A : Type >
> : . t : A>
3 t'. - | -] ¢« t" A
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if S| | TFT-t:A (end + 35 )
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By inlining we get
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if S| | TFT-t:A (end + 35 )

then - | [ = (k) | I T k)T tl{) ::[AIJ(k)

where k defined by induction on - %

now we prove -

By inlining we get

Conservativity over MLTT Tl )t TATK)
Since A is typed in MLTT
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Inlining

if S| | TFT-t:A (end + 35 )

then - | [ = (k) | I T k)T tl{) ::[AIJ(k)

where k defined by induction on - %

now we prove o
By inlining we get

| -] L tI{x):[AI(K)

Since A is typed in MLTT
- A ! Type > we know it cannot refer to any definition in X
Z y * t . A - I]: A :I]( K ) = A
3 t'. - | -] ¢« t" A

Conservativity over MLTT

Donel
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What about type checking?



Checking conversion

We typically need properties like subject reduction and thus injectivity of type formers

so we characterise conversion with (confluent!) reduction
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Checking conversion

We typically need properties like subject reduction and thus injectivity of type formers

so we characterise conversion with (confluent!) reduction

Unfolding rule (conversion) Unfolding rule (reduction)

(deff(f’)‘A‘:t),EZ (def f( =2 ) : A :=1t) €%

> | = - (&) ~» t&

ZlElrI—f(E)EtE
\ no let so

strip away side conditions to make confluence easier no local env

25 /35



Checking conversion

Computation rule (conversion)

(L » r) € =

> | =

| T - 1[o]

r|{o]

Unfolding rule (conversion)

(def f{ =2 ) : A :=

the rest is similar...

Computation rule (reduction)

(L » r) € =

x|

Llo] =~ rlo]

Unfolding rule (reduction)

(def f{ =’

: A = t) € X

> |

=+ (&) -~ t§
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Checking conversion

conversion one-step reduction

| T - u = v > | Z F u = v
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> | = u wr v > | =z u e v > | = u X v
Y| Eru=v > Y | =2k uemo
(\\ ///
starting from well-typed terms RN - -7 ~ assuming confluence
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the missing side conditions!
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It | Zz | FT'~u : TandX | = - u ~» vthen | =Z | T Vv : T

By induction on reduction, 3 case:
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inversionontypingon * | = | T - (A (x ¢+ A). t) u : T gives
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Subject reduction (failed attempt)

Subject reduction

It | Zz | FT'~u : TandX | = - u ~» vthen | =Z | T Vv : T

By induction on reduction, 3 case:

> | =z (M (x ¢ A). t) u=~ t[x := u]
inversionontypingon * | = | T - (A (x ¢+ A). t) u : T gives
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It~ | =z | TN (x : A). B=N (x : C). D then
> | = | T A=CandX | = | I, x A B =D
assuming confluence X | = - N (x : A). B X N (x : C). D
since no reduction rules on N besides congruence o ~
_— A\ needsrestriction on =
> | =z - AXC > | = B X D

we need the joinability to conversion
theorem that we're trying to prove!

we're going to use a property weaker than typing to break the loop
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31/35



From joinability to conversion (for real this time)

S| = Xt

instances that appearin t
respect the equations of the interface they correspond to

(def f( =7 ) : A := t) € X

> | =z - & E 27 Vx. 2 | = X &(x)
> | = X f(&) = t¢&
lemma X | =z | T - u : TthenX | = X u

31/35



From joinability to conversion (for real this time)

S| = Xt

instances that appearin t
respect the equations of the interface they correspond to

(def f( =7 ) : A := t) € X

> | =z - & E 27 Vx. 2 | = X &(x)
> | = X f(&) = t¢&
lemma X | =z | T - u : TthenX | = X u
Llemma IfX | Z X uandX | = - u ~» vthen | = X v

31/35



From joinability to conversion (for real this time)

S| = Xt

instances that appearin t
respect the equations of the interface they correspond to

(def f( =7 ) : A := t) € X

> | =z - & E 27 Vx. 2 | = X &(x)
> | = X f(&) = t¢&
lemma X | =z | T - u : TthenX | = X u
Llemma IfX | Z X uandX | = - u ~» vthen | = X v
Llemma IfX | Z X uandX | = - u »" vthenX | = - u = v

31/35



From joinability to conversion (for real this time)

S| = Xt

instances that appearin t
respect the equations of the interface they correspond to

(def f( =7 ) : A := t) € X

> | =z - & E 27 Vx. 2 | = X &(x)
> | = X f(&) = t¢&
lemma X | =z | T - u : TthenX | = X u
Llemma IfX | Z X uandX | = - u ~» vthen | = X v
Llemma IfX | Z X uandX | = - u »" vthenX | = - u = v
Theorem IfX | = X uandX | = X vthen conversion and joinability are equivalent for u and v

31/35



From joinability to conversion (for real this time)

S| = Xt

instances that appearin t
respect the equations of the interface they correspond to

(def f( =7 ) : A := t) € X

> | =z - & E 27 Vx. 2 | = X &(x)
> | = X f(&) = t¢&
lemma X | =z | T - u : TthenX | = X u
Llemma IfX | = X uandX | = - u ~» vthenX | = X v e———— assuming rules preserve X

X uand X

Lemma IfZ

|—u->*vthenZ\E|—u5V'/ /

X v then conversion and joinability are equivalent for u and v

X uand X

Theorem If =
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Checking conversion

Characterising conversion with reduction

Y| Eru=v > 2 | Eruemo
\(\ X - g
~ - _ ~
> ~ ~ ~ - g
starting from well-typed terms >~ _ _ -~ assuming contluence
~ . - k/ ~

Y| Eruru

Injectivity of I

It | =z | F=N(x : A). B=1M (x : C). D then
s | 2| r-~A=cCands | = | T, x:AF+BZ=D
Subject reduction
f2 | = | F'~u : TandX | = - u ~» vthenX | = | T + v

T
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Characterising conversion with reduction

Y| Eru=v > 2 | Eruemo
Y/\ X - d
~ . _ ~
> ~ ~ ~ - g
starting from well-typed terms >~ _ _ -~ assuming contluence
~ . - k/ ~

Y| Eruru

Injectivity of I

It | =z | F=N(x : A). B=1M (x : C). D then
s | 2| r-~A=cCands | = | T, x:AF+BZ=D
Subject reduction
t2 | =z | FT'u : TandZ | = - u = vthen | = | T Vv ¢ T

assuming rules preserve X and typing + confluence

it holds with no rules at top-level (so you can wreak havoc locally without creating trouble globally)
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Type safety of rewrite rules in dependent types
Blanqui
- Consistency
left to the user
The Rewster: type-preserving rewrite rules for the Coq proof assistant like axioms
Leray, Gilbert, Tabareau, Winterhalter

2024

Q many tools developed by the rewriting community!
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W»ROCQ prototype

on top of

The Rewster: type-preserving rewrite rules for the Coq proof assistant

Leray, Gilbert, Tabareau, Winterhalter

2024
using the module system for interfaces and instances
and functors to quantify over interfaces
Module Type Plus. Module UsePlus (P : Plus).
Symbol plus : N > N > N, Import P.
Rewrite Rules plus_r :=
| plus n => ?n Compute (plus 2 3). (*x 5 %)
| plus (S ?m) 7n => (plus ?m ?n).
End Plus. End UsePlus.

Module Import PlusImpl : Plus.
Definition plus := Nat.add.
End PlusImpl.
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